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Topics:

- theory of nonlinear dynamical systems

- characterizing measures

- biosignals and recording of biosignals

- applications (medicine, physics, biology)
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pytisean on GitHub
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Historical overview:

1778 P. Laplace (Laplace’s demon, “everything is predictable™)

1880  W. Sierpinski (non-Euclidian geometry, “mathematical monster”)
1892 H. Poincare (three-body problem, dimension of manifolds)
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1919 F. Hausdorff (extension of notion of dimension)
1963 E. Lorenz (weather forecasting)
1967 B. Mandelbrot (fractals, self similarity)
1975  J. Yorke (deterministic chaos)
1977/78 routes into chaos:
S. Grossmann/S. Thomae (period doubling)
M. Feigenbaum (Feigenbaum constant),
Newhouse-Ruelle-Takens route
1981 D. Ruelle (strange attactors),
P. Grassberger / |. Procaccia (correlation dimension)
F. Takens (state space reconstruction)
since 1990 nonlinear time series analysis
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Time series analysis
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nat is a suitable device ?
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- interfaces ?
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Time series analysis Time series

time series: - sequence of data (length N)
- measurement or simulation (model)
- time-dependent

(Viy Vit Aty UNAL)

At - temporal distance between successive data points
- sampling interval (measurement)
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Time series analysis Time series
experiment model simulation

Igngth OT (mostly) limited user-defined

time series

_samplmg limited user-defined
interval

. A/D converter .
precision . user-defined
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System

R world

system
boundary

environment

open system?

interactions: system — environment?
Isolated system?
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Dynamical system

- system under influence of some force (duvvauio = force)
- time-dependent system states
- state changes depend on current state

deterministic stochastic
same Initial states same Initial states

same evolution random evolution
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Dynamical system

- characterized by time-dependent state variables x(¢) € R?
- temporal evolution of state variables:

continuous case: set of (first-order) ordinary differential equations
with initial conditions x(0) = x(%¢)

d)é(tt) — f(tv X(t)7 6)

discrete case: set of difference equations (mapping) with initial
conditions Xy = X,

Xt+At = F(T7 Xty 5)

with d = dimension of system; /= control parameter;
f, F' = nonlinear functions in case of nonlinear systems .
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Nonlinearity - Linearity

linear simple

equations

solutions
can have

nonlinear complex

impact of changing control parameters or initial conditions?

system effect

linear proportional
—

nonlinear non-proportional
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physics
chemistry biology
geosciences nonlinear medicine
dynamics
engineering economics
politics/ cultural

military sciences
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mechanics

nonlinear oscillators

condensed matter

phySICS coupled/forced pendulums
magneto-mechanic oscillators
torsion bar

pattern formation
phase transitions
spin waves

nonlinear
dynamics

in physics

fluid mechanics

transition to turbulent motion
crystal growth
surface of liquids

laser physics

laser instabilities
semiconductor laser

coupled laser optiCS

opto-galvanic systems
nonlinear optics

acoustics

sound generation with:
- laser
- musical instruments

astrophysics

solar system

motion of stars

sun spots
pulsar/quasar
distribution of galaxies

plasma physics
oscillations in gas discharges

pattern formation
plasma waves
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biochemistry physiology neurology

| | epileptology
biological psychiatry
oscillations

nonlinear

epidemiology dynamics psychology
ecology In medicine/ endocrinology
| biology
population
dynamics pneumology

genetics _
nephrology cardiology
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electromagnetic, chemical, morphological

approx. 10" neurons
each with
103 - 10% synapses
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Nonlinearity and Causality

strongly
—p [QOSON7 — deterministic

causality principle

physical
phenomenon

(exactly) equal causes have (exactly) equal effects

math. model (ODE) system predictable
+ +

initial condition behavior reproducible
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The pragmatic perspective of a linear nature

b
equations of
motion

—

model

this perspective challenged by Poincaré and Sierpinski

math. concepts:
linear equations

linear models
remainder:
irre i
stic fluctuations
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Nonlinearity and Causality Linear Systems
weak causality: strong causality:
equal causes 2 equal effects Similar causes - similar effects
strong idealization; includes weak causality;
does not account for accounts for experimental conditions:
experimental conditions tiny deviations from initial conditions,

weak perturbations, systematic errors, ...
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Introduction

Nonlinearity and Causality Nonlinear Systems

violation of strong causality:
Similar causes -2 vastly different effects

- sensitive dependence on initial conditions

- deterministic chaos

- pattern formation

- “the whole is more than the sum of its parts” (Aristoteles)
- self-organization
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Introduction

Processes and their Characteristics

regular process chaotic process stochastic process
deterministic deterministic stochastic
(noise/randomness)
long-term predictable non-predictable
predictable
strong causality violation of no causal
strong causality relationships
nonlinearity
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Deterministic Chaos

Chaos (colloquially)
- disordered state and irregularity

Deterministic Chaos

- irregular (non-periodic) behavior

- non-predictable or for some short time horizon only

- deterministic equations of motion (in contrast to stochasticity)
iInstabilities and recurrences
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Introduction

Deterministic Chaos

SCIENTIFIC AMERICAN 1986 254, 46-57.

dripping faucet
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Deterministic Chaos period doubling

“chaotic behavior can arise from very simple non-linear dynamical
equations”: logistic map (model for population growth, 1837)

Tn+1 =TTn(l —2x5); xn € [0,1]; r € [0,4]

P.F. Verhulst R. May
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Deterministic Chaos period doubling

P.F. Verhulst
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“chaotic behavior can arise from very simple non-linear dynamical
equations”: logistic map (model for population growth, 1837)

Tnt1 =Tn(l —x,); x, € [0,1]; r € ]0,4]

R. May

bifurcation diagram

- period-doubling route to chaos
- period-3 implies chaos

- islands of stability

- periodicities within chaos

- self-similarity
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Deterministic Chaos recurrence and self-similarity

V. Arnold
(1937-2010)

Arnold’s cat map.
chaotic map from the torus into itself:
[:T? — T
[':(z,y) > 2x+y,z+y) mod1

deterministic operations:
- stretching

- bending

- folding (nonlinear)

SCIENTIFIC AMERICAN 1986 254, 46-57.
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Nonlinear dynamical systems

- can be described by nonlinear ODEs.
However, no analytic solutions exist!

- show qualitatively rich dynamics:
drastic changes upon changes of control parameters (bifurcation)

deterministic chaos

- long-term behavior can be assessed by investigating the
phase-space (state-space)
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